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It is shown that the Omori–Yau maximum principle holds true on
complete gradient shrinking Ricci solitons both for the Laplacian
and the f -Laplacian. As an application, curvature estimates and
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1. Introduction
A Ricci soliton is a Riemannian manifold (M, g) which admits a smooth vector ﬁeld X on M such
that
LX g + Ric = λg, (1.1)
where LX denotes the Lie derivative in the direction of X , Ric denotes the Ricci tensor and λ is a real
number. It is called a shrinking soliton, a steady soliton or an expanding soliton if λ > 0, λ = 0 or λ < 0,
respectively. A Riemannian manifold (M, g) is said to be a gradient Ricci soliton if the vector ﬁeld X can
be replaced by the gradient of some smooth function on M . Let us write 2X = ∇ f , being f : M → R
a smooth function, which is called the potential function. Then, after normalization, gradient shrinking
solitons satisfy
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where H f denotes the Hessian of the function f .
Ricci solitons, being self-similar solutions of the Ricci ﬂow have received special attention. We refer
to [1,2,5] for some background on Ricci solitons and their connection to the Ricci ﬂow.
Einstein metrics are the most obvious examples of Ricci solitons, where the potential function is
any constant. The Euclidean space also admits a structure of Ricci soliton considering the function
f (x) = 4 |x|2, being  ∈ {1,0,−1}. It is called the Gaussian soliton and it can be shrinking, steady or
expanding, depending on the value of  . Generalizing the trivial Ricci solitons, a gradient soliton is
said to be rigid if it is isometric to a quotient of N×Rk where N is an Einstein manifold and f = λ2 |x|2
on the Euclidean factor. That is, the Riemannian manifold (M, g) is isometric to N ×Γ Rk , where Γ
acts freely on N and by orthogonal transformations on Rk . When M is compact, a Ricci soliton (M, g)
is rigid if and only if is Einstein.
The main purpose of this paper is to show the validity of the Omori–Yau maximum principle (both
for the Laplacian and the f -Laplacian) on complete shrinking Ricci solitons (cf. Section 2). Applications
in obtaining estimates for the scalar curvature and some rigidity conditions for gradient Ricci solitons
are given in Section 3. Finally in Section 4 some Lp triviality conditions are given in terms of the
potential function.
2. Maximum principles
A Riemannian manifold (M, g) is said to satisfy the Omori–Yau maximum principle if given any
function u ∈ C2(M) with u∗ = supM u < +∞, there exists a sequence (xk) of points on M satisfying
(i) u(xk) > u
∗ − 1
k
, (ii)
∣∣(∇u)(xk)∣∣< 1k and (iii) (u)(xk) < 1k , (2.1)
for each k ∈ N. If, instead of (iii) we assume that
Hu(xk) <
1
k
g, (2.2)
in the sense of quadratic forms, then it is said that the Riemannian manifold satisﬁes the Omori–Yau
maximum principle for the Hessian.
It was shown by Omori [10] that every complete Riemannian manifold with curvature bounded
from below satisﬁes the Omori–Yau maximum principle for the Hessian. Later Yau [16] showed that
a complete Riemannian manifold with Ricci curvature bounded from below satisﬁes the Omori–Yau
maximum principle. First of all, we have the following
Theorem 2.1. Let (Mn, g) be an n-dimensional complete noncompact gradient shrinking Ricci soliton. Then
(M, g) satisﬁes the Omori–Yau maximum principle.
Moreover, if there exists C > 0 such that Ric −Cr(x)2 , where r(x) denotes the distance to a ﬁxed point,
then the Omori–Yau maximum principle for the Hessian holds on (M, g).
Proof. We will need the following suﬃcient conditions for a Riemannian manifold to satisfy the
Omori–Yau maximum principle [13].
Let (M, g) be a Riemannian manifold and assume that there exists a nonnegative C2 function ϕ
such that
ϕ(x) −→ +∞ as x −→ ∞, (2.3)
∃A < 0 such that |∇ϕ| A√ϕ off a compact set, and (2.4)
∃B > 0 such that ϕ  B√ϕ
√
G(
√
ϕ ), off a compact set, (2.5)
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(i) G(0) > 0, (ii) G ′(t) 0, on [0,+∞),
(iii)
∞∫
0
dt√
G(t)
= ∞, (iv) limsup
t→∞
tG(
√
t )
G(t)
< ∞. (2.6)
Then (M, g) satisﬁes the Omori–Yau maximum principle. Moreover, if instead of (2.5) one assumes
that
∃B > 0 such that Hϕ  B√ϕ
√
G(
√
ϕ ), off a compact set (2.7)
in the sense of quadratic forms, then (M, g) satisﬁes the Omori–Yau maximum principle for the Hes-
sian.
Let us consider the function G(t) = t2 + 1, which clearly satisﬁes conditions (2.6), and let consider
ϕ(x) = f (x), where f is the potential function of the shrinking Ricci soliton. We recall that
f = R + |∇ f |2 + c,
where R denotes the scalar curvature and c is a constant. By a translation of f we can take c = 0,
and then we have
f = R + |∇ f |2. (2.8)
Cao and Zhou [3] have shown that f (x) 14 (r(x) − c)2, for some constant c, from where we get
f (x) −→ ∞ as x −→ ∞,
that is, ϕ satisﬁes (2.3). Now, since the scalar curvature of a gradient shrinking Ricci soliton is non-
negative [4] we have
|∇ f |√ f on all M,
that is, (2.4) is satisﬁed. Finally, since  f = n2 − R  n2 we have that
 f  n
2
 1
4
(
r(x) − c)2  f <√ f 2 + 1√ f√G(√ f ),
outside a compact set, which shows the validity of (2.5) and thus the Omori–Yau maximum principle
holds.
Moreover, if we assume Ric−Cr(x)2, then from (1.2) one has that
H f 
1
2
+ Cr(x)2  C ′r(x)2  C ′′ f (x) C ′′√ f√G(√ f ),
off a compact set for adequate constants C ′ and C ′′ . This shows that the Omori–Yau maximum prin-
ciple also holds for the Hessian. 
We denote the f -Laplacian by  f = e f div(e− f ∇) =  − i∇ f g .
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(M, g) satisﬁes the Omori–Yau maximum principle for the f -Laplacian.
Proof. Let u ∈ C2(M) be a function with u∗ = supM u < +∞ and (xk) a sequence of points on M sat-
isfying (2.1)(i) and (2.1)(iii). It is shown in the proof of [13, Theorem 1.9] that |∇u|(xk) c
k
√
G(
√
f (xk) )
,
where c is a positive constant. Since |∇ f |  √ f + 1 = √G(√ f ), we get that g(∇ f ,∇u)(xk) 
|∇ f (xk)||∇u(xk)| ck , which goes to zero as k goes to inﬁnity. Thus, by possibly considering a subse-
quence, we get the desired result. 
Remark 2.3. We recall that a Riemannian manifold (M, g) is said to be stochastically complete if, for
some (and hence for any) (x, t) ∈ M × (0,+∞) one has ∫M p(x, y, t)dy = 1, where p(x, y, t) is the
minimal heat kernel of the Laplace–Beltrami operator . It is well known that any Riemannian man-
ifold satisfying the Omori–Yau maximum principle is stochastically complete [13]. In fact, stochastic
completeness is equivalent to the Riemannian manifold to satisfy the weak maximum principle, that
is (2.1)(i) and (2.1)(iii).
Similar deﬁnitions and characterizations hold, more generally, for a manifold with density
(M, g, e− f dvol) up to replacing the Laplace–Beltrami operator with the f -Laplacian. We showed that
complete gradient shrinking Ricci solitons satisfy the Omori–Yau maximum principle for the Laplacian
and the f -Laplacian. It follows from this fact that they are stochastically complete both as Riemannian
manifolds and as manifolds with density.
Since complete gradient shrinking Ricci solitons are stochastically complete we have:
Corollary 2.4. (See [7,13].) Let (Mn, g) be an n-dimensional complete noncompact gradient Ricci soliton. Then:
(i) (M, g) is stochastically complete.
(ii) For every λ > 0, the only nonnegative bounded solution u of u  λu is u ≡ 0.
(iii) For every λ > 0, the only nonnegative bounded solution u of u = λu is u ≡ 0.
(iv) For every u with supM u < ∞ and for every α > 0 let deﬁne the set Ωα = {x ∈ M: u(x) < supM u − α}.
Then infΩα u  0.
(v) For every T < 0, the only bounded solution on M × (0, T ) of the Cauchy problem
⎧⎨
⎩
∂u
∂t
= 1
2
u,
u|t=0+ = 0 in the L1loc(M) sense
is u ≡ 0.
By using the weighted-volume comparison results obtained in [15] it is shown in [12] that com-
plete gradient Ricci solitons satisfy the weak maximum principle for the f -Laplacian.
Recall that stochastic completeness (or the weak maximum principle) implies the Liouville prop-
erty for L1-superharmonic functions. In particular as a consequence of Theorem 2.1, every gradient
shrinking soliton satisﬁes this Liouville property for the Laplacian, which could be useful in future
applications. Further note that the validity of the weak maximum principle for the Laplace–Beltrami
operator can be also deduced from the sharp volume estimate by Cao and Zhou [3]. Indeed, since the
unweighted volume growth is polynomial, the manifold is stochastically complete.
Remark 2.5. For subsequent applications note that the same results as those in previous corollary
also hold for the f -Laplacian on any gradient Ricci soliton. Furthermore, note that complete gradient
shrinking Ricci solitons are in fact f -parabolic [12], a stronger condition that implies the f -version of
Corollary 2.4.
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In this section we will show some applications of the maximum principles for the Laplacian and
the f -Laplacian in order to obtain some estimates for the scalar curvature and rigidity conditions for
gradient Ricci solitons.
3.1. Gradient shrinking Ricci solitons
We have the following characterization of shrinking Ricci solitons with constant scalar curvature
and the Gaussian soliton.
Theorem 3.1. Let (Mn, g) be an n-dimensional complete gradient shrinking Ricci soliton. Then:
(i) (M, g) has constant scalar curvature if and only if
2|Ric|2  R + c |∇R|
2
R + 1 , for some constant c  0.
(ii) (M, g) is isometric to (Rn, geuc) if and only if
2|Ric|2  (1− )R + c |∇R|
2
R + 1 , for some constants c  0 and  > 0.
Proof. First of all we are going to show that in the above curvature assumptions R is bounded
from above. Let us consider u = 13√R+1 , which is a bounded function. There exists a sequence (xk)
of points of M such that u(xk) → u∗ = infM u (note that R(xk) → R∗ = supM R) and |(∇u)(xk)|2 =
|(∇R)(xk)|2
9(R(xk)+1)8/3 → 0. Since |Ric|
2  R2n , we get
3
√
R(xk)
n|Ric(xk)|2
(R(xk))5/3
 n
2(R(xk))2/3
+ nc|(∇R)(xk)|
2
4(R(xk))8/3
,
from where it follows that R is bounded from above.
Since  f R = R − 2|Ric|2 (see for example [11]), it is easy to see that |Ric|2 = R2 if R is constant.
Reciprocally, let consider Rc+1 and observe that R > 0 unless M = Rn (cf. [12]). Then
 f R
c+1 = c(c + 1)Rc−1|∇R|2 + (c + 1)Rc+1 − 2(c + 1)Rc|Ric|2.
So, it follows from the assumptions that  f Rc+1  0, and we conclude that R is constant because of
the f -parabolicity of (M, g) (see [13]), which shows (i).
To verify (ii) we note that
 f R
c+1  (c + 1)Rc+1,
and we get the result from (the f -Laplacian version of) Corollary 2.4. 
We get the following characterization of rigid shrinking Ricci solitons under the assumptions that
the Ricci tensor is nonnegative and an upper bound for the sectional curvature.
Theorem 3.2. Let (M, g) be a complete gradient shrinking Ricci soliton with bounded nonnegative Ricci tensor.
Then (M, g) is rigid if and only if the sectional curvature is bounded from above by |Ric|
2
2 2 .2(R −|Ric| )
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In terms of this orthonormal frame one has that [6]
Rii = g(∇Rii,∇ f ) + Rii − 2Rij ji R j j,
where Rii = Ric(Ei, Ei), Rij ji = R(Ei, E j, E j, Ei) and we are using the Einstein summation convention.
Then, it is a straightforward computation to get
 f |Ric|2 = 2|Ric|2 − 4Rii Ri j ji R j j + 2∇Rii∇Rii  2|Ric|2 − 4Rii Ri j ji R j j.
Under our assumption one has
4
(
Rii Ri j ji R
j j) 4|Ric|2
2(R2 − |Ric|2)
(
R2 − |Ric|2)= 2|Ric|2.
Then  f |Ric|2  0, and by f -parabolicity it follows that |Ric|2 is constant.
Now, since
2|Ric|2 − 4Rii Ri j ji R j j  0,
one has
n∑
i=1
|∇Rii|2 = 0,
that is, the eigenvalues of Ric are constant.
Note that the potential function f has a minimum as a consequence of Cao–Zhou estimate [3] for
the potential function f (x) 14 (r(x)− c)2. Since at the minimum point of f it is H f  0 we have that
Ric 12 g . Thus 0 Ric
1
2 g and the desired result is obtained from [9,11]. 
In general conformal deformations destroy the soliton structure and therefore tools from soliton
theory do not apply to the deformed metric. As an application of Theorem 2.1 we have:
Theorem 3.3. Let (M, g) be a complete shrinking Ricci soliton of dimension n  3. Then g cannot be confor-
mally deformed to a new metric g˜ with scalar curvature R˜(x)−b < 0.
Proof. By contradiction, suppose that such a metric g˜ exists. We can write g˜ = u 4n−2 g where u(x) > 0
is a smooth function. Then u satisﬁes the Yamabe equation
c−1n u − Ru = −R˜u
n+2
n−2 ,
with cn > 0 a constant depending only on n. Now recall that for a shrinking soliton R  0. Therefore,
using also the bound R˜ −b, from the Yamabe equation we deduce
u  ϕ(u),
where ϕ(u) = cnbu n+2n−2 . Since (M, g) satisﬁes the Omori–Yau maximum principle and ϕ(u) is super-
linear, Motomiya theorem applies (see [8] and Theorem 1.31 in [13]). Therefore, supMu = u∗ < +∞
and ϕ(u∗) 0 proving that u = 0. This contradiction completes the proof. 
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We show that the inﬁmum of the scalar curvature of a complete gradient steady Ricci soliton is
zero. Note that we do not have a similar result for shrinking Ricci solitons where the scalar curvature
even can be constant and positive.
Theorem 3.4. Let (M, g) be a complete gradient steady Ricci soliton. Then R∗ = infM R = 0.
Proof. We have that
 f R = −2|Ric|2.
By Remark 2.5, it there exists a sequence (xk) of points of M such that R(xk) < R∗ + 1k and
( f R)(xk) > − 1k . Then
1
k
 2
∣∣Ric(xk)∣∣2  2R(xk)2n .
Taking the limit when k goes to inﬁnity we get that R∗ = 0. 
Remark 3.5. It is shown in [11] that R cannot achieve its minimum unless R is constant and in such
a case (M, g) is Ricci ﬂat. So previous result apply to every non-Ricci ﬂat gradient steady Ricci soliton.
Also it is an alternative proof of the fact that complete steady gradient Ricci solitons with constant
scalar curvature are Ricci ﬂat (which is a direct consequence of the formula  f R = −2|Ric|2).
We have the following rigidity result for steady gradient Ricci solitons.
Theorem 3.6. Let (M, g) be a complete gradient steady Ricci soliton. Then (M, g) is the Gaussian soliton if and
only if R ∈ L1(M, e− f dvol).
Proof. If (M, g) is the Gaussian soliton it is trivial. In the other direction, note that
 f R = −2|Ric|2  0.
Then, since R  0 and the L1 Liouville property for f -superharmonic functions holds (see [12]) we
get that R is constant. This means that the soliton is Ricci ﬂat. 
3.3. Gradient expanding Ricci solitons
We have the following rigidity result for expanding gradient Ricci solitons.
Theorem 3.7. Let (M, g) be a complete gradient expanding Ricci soliton with nonpositive Ricci tensor. If R∗ =
supM R < 0 then − n2  R − 12 .
Proof. First of all note that R −n/2 thanks to [12]. We have that
 f R = −R − 2|Ric|2 −R − 2R2,
where we have used that if Ric  0. Now, since Ric  R and |Ric|2  R2, as a direct application of
Remark 2.5, one has
R∗ + 2(R∗)2  0
and thus it follows that R∗ − 12 , where we have used that R∗ < 0. 
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In this section we investigate triviality of gradient Ricci solitons by some Lp conditions on the
potential function f .
Theorem 4.1. Let (M, g) be an expanding gradient Ricci soliton with the potential function normalized such
that − f = |∇ f |2 + R + n2 . Then it is trivial if and only if for some x0 ∈ M,  > 0 and any F : [a,∞) → (0,∞)
with
∫∞
a
dr
rF (r) = ∞, one has
lim
r→∞
1
r2F (r)
∫
B(x0,r)
| f |1+ < ∞.
Proof. We have [12] R  − n2 , from where − f = n2 + R  0 and − f = |∇ f |2 + R + n2  0. Then
f f  0 and if f were not constant we would have that the limit is inﬁnite (see [14]). So f is
constant and the soliton is Einstein. 
Theorem 4.2. Let (M, g) be a non-trivial expanding gradient Ricci soliton with the potential function normal-
ized such that − f = |∇ f |2 + R + n2 . Then the following conditions hold:
(i) For every x0 ∈ M and every  > 0
lim
r→∞
1
r2
∫
B(x0,r)
| f |1+ = ∞.
(ii) For every x0 ∈ M there exists a constant a > 0 such that
∞∫
a
1∫
∂B(x0,r)
| f |1+ dr < ∞.
(iii) For every x0 ∈ M there exists a constant a > 0 such that
∞∫
a
1∫
B(x0,r)
| f |1+ dr < ∞.
(iv) For every x0 ∈ M and  > 0 there exists a constant a > 0 such that for every strictly increasing sequence
(rk)k∈N going to inﬁnity with r1 > a,
∞∑
k=1
(rk+1 − rk)2∫
B(x0,rk+1)\B(x0,rk) | f |1+
< ∞.
Proof. We have f f  0 as shown before. If any of the conditions (i)–(iv) does not hold then it
follows from [14] that f must be constant, which shows that the soliton is Einstein and contradicts
our assumption of non-triviality. 
Remark 4.3. One can obtain some L∞ conclusion on the potential function using the weak maximum
principle for the f -Laplacian. For instance, combining equation − f = n/2 + R with − f = |∇ f |2 +
R + n/2 gives − f = − f − |∇ f |2, that is,  f f = f .
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and therefore one can deduce weighted versions of Theorems 4.1 and 4.2. As a consequence, if f ∈
Lp(M, e− f dvol) for some 1< p +∞, then the soliton is trivial.
Acknowledgment
The authors are very grateful to the referee whose valuable comments allowed to improve the
exposition and Theorem 3.3.
References
[1] H.-D. Cao, Geometry of complete gradient shrinking Ricci solitons, in: Adv. Lect. Math. (ALM), vol. 17, Int. Press, Somerville,
MA, 2011, pp. 227–246.
[2] H.-D. Cao, Recent progress on Ricci solitons, in: Recent Advances in Geometric Analysis, in: Adv. Lect. Math. (ALM), vol. 11,
Int. Press, Somerville, MA, 2010, pp. 1–38.
[3] H.-D. Cao, D. Zhou, On complete gradient shrinking solitons, J. Differential Geom. 85 (2010) 175–186.
[4] B.-L. Chen, Strong uniqueness of the Ricci ﬂow, J. Differential Geom. 82 (2009) 363–382.
[5] B. Chow, P. Lu, L. Ni, Hamilton’s Ricci Flow, Grad. Stud. Math., vol. 77, Amer. Math. Soc./Science Press, Providence, RI/New
York, 2006.
[6] M. Eminenti, G. La Nave, C. Mantegazza, Ricci solitons: the equation point of view, Manuscripta Math. 127 (2008) 345–367.
[7] A. Grigoryan, Analytic and geometric background of recurrence and non-explosion of the Brownian motion on Riemannian
manifolds, Bull. Amer. Math. Soc. (N.S.) 36 (1999) 135–249.
[8] M. Motomiya, On functions which satisfy some differential inequalities on Riemannian manifolds, Nagoya Math. J. 81 (1981)
57–72.
[9] A. Naber, Noncompact shrinking four solitons with nonnegative curvature, J. Reine Angew. Math. 645 (2010) 125–153.
[10] H. Omori, Isometric immersions of Riemannian manifolds, J. Math. Soc. Japan 19 (1967) 205–211.
[11] P. Petersen, W. Wylie, Rigidity of gradient Ricci solitons, Paciﬁc J. Math. 241 (2009) 329–345.
[12] S. Pigola, M. Rimoldi, A. Setti, Remarks on non-compact gradient Ricci solitons, Math. Z., in press, doi:10.1007/s00209-010-
0695-4.
[13] S. Pigola, M. Rigoli, A. Setti, Maximum principles on Riemannian manifolds and applications, Mem. Amer. Math.
Soc. 174 (822) (2005), x+99 pp.
[14] S.W. Wei, J.F. Li, L. Wu, Generalization of the uniformization theorem and Bochner’s method in p-Harmonic geometry,
Commun. Math. Anal. Conf. 1 (2008) 46–68.
[15] G. Wei, W. Wylie, Comparison geometry for the Bakry–Emery Ricci tensor, J. Differential Geom. 83 (2009) 337–405.
[16] S.T. Yau, Harmonic functions on complete Riemannian manifolds, Comm. Pure Appl. Math. 28 (1975) 201–228.
